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Abstract 

We reconsider the theory of scattering for the Wave-Schrodinger system 
and more precisely the local Cauchy problem with infinite initial time, which 
is the main step in the construction of the wave operators. Using a method 
due to Nakanishi, we eliminate a loss of regularity between the Schrodinger 
asymptotic data and the Schrodinger solution in the treatment of that prob- 
lem, in the special case of vanishing asymptotic data for the wave field. 
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1 Introduction 



This paper is devoted to the theory of scattering for the Wave-Schrodinger (WS) 
system 

idtU + {l/2)/\u = -Au (1.1) 

□A=|m|2 (1.2) 

where u and A are respectively a complex valued function and a real valued func- 
tion defined in space time IR^~^^, A is the Laplacian in IR^ and D = — A is the 
d'Alembertian. More precisely, for arbitrarily large asymptotic data, we study the 
Cauchy problem at infinite initial time, which is the first step in the construction of 
the wave operators. This problem is complicated by the fact that the WS system 
is borderline long range, so that the relevant solutions of the Schrodinger equation 
contain a logarithmically diverging phase factor when t tends to infinity. We previ- 
ously studied that problem in |3] and we refer to the introduction of the first paper 
in [3] for general background. The method used in [3j is an extension of a method 
previously used in [2] to treat the similar case of the Hartree equation with long 
range potential \x\~'^ with 7 < 1. A drawback of the method used in [2] [3] is a loss 
of regularity of the solutions as compared with that of the asymptotic data. That 
defect was remedied by Nakanishi in [1] [5] for the Hartree equation in the cases 
7 = 1 and 1/2 < 7 < 1 respectively. The improvement in [1] results basically from 
the use of a different asymptotic parametrization of the solutions and from a clever 
use of the local mass conservation law for the Schrodinger equation. It turns out 
that the method used in [3] can be extended to the WS system, unfortunately (so 
far) only in the special case where the wave field has zero asymptotic data. The 
purpose of the present paper is to present that extension, namely to solve the local 
Cauchy problem at infinite initial time without loss of regularity for the WS system 
in that special case. 

In the same way as in |3], the first step of the method consists in eliminating the 
wave equation by solving it for A in terms of u. Restricting our attention to positive 
time and imposing the condition of vanishing asymptotic data for A, we obtain 

/■oo 

A = A{u, t) = - dt' co'^ sm{uj{t - t'))\uit')\^ (1.3) 



where co = (— A)^/^. We henceforth replace (1.2) by (1.3) and restrict our attention 
to the system (1.1) (1-3). We now introduce the relevant parametrization of u needed 
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to study the Cauchy problem at infinite time. The unitary group 

U{t) = exp(i(t/2)A) (1.4) 
which solves the free Schrodinger equation can be written as 

U{t) = M{t) D(t) F M{t) (1.5) 
where M{t) is the operator of multiplication by the function 

M{t) = exp(ixV2i) , (1.6) 
F is the Fourier transform and D{t) is the dilation operator 

D{t) = {ity^'^ Do{t) (1.7) 

where 

{Do{t)f) (x) = f{x/t) . (1.8) 
For any function g of space time, we define 

g{t) = U{ty g{t) . (1.9) 

We first perform a pseudoconformal inversion on u, namely 

u{t) = M{t) D{t) Wcil/t) (1.10) 

or equivalently 

u{t) = Fu,{l/t) , (1.11) 

thereby replacing the Cauchy problem at infinite initial time for u by the Cauchy 
problem at initial time zero for Uc- Correspondingly we replace A{t) by B{t) defined 

by 

A{t) = Do{t) B{l/t) . (1.12) 
The system (1.1) (1.3) is then replaced by 

idt u, = -{l/2)Auc - B{u,)ue , (1.13) 
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{uc,t)^J du u-^uj-^sm{uj{u-l))Do{u)\uc{t/u)\^ . (1.14) 
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The variables Uc and/or t in B will be partly omitted when no confusion can arise, 
as for instance in (1.13). We now parametrize Uc in terms of an amplitude v and a 
phase if according to 

u,it) = exp{-tip{t))v{t) (1.15) 

or equivalently 

Uc{t) = U^{t) v{t) (1.16) 

where 

U^{t) = U{t)eM-Mt)) ■ (1-17) 

That parametrization is the same as that used in [3] and differs from that used in 
[3] where the phase factor was introduced in Uc instead of Uc- The equation (1.13) 
then becomes the following equation for v : 

idtv = - [t-'u; B{u,)U^ + dt^) V . (1.18) 

The role of the phase (p is to cancel the singularity at t = of the last term 
in (1.13), so that (1.18) can be solved with v continuous at t = and with initial 
condition t>(0) = vq. It will then turn out that B{uc) tends to -B(fo) when t tends 
to zero. The cancellation will be ensured by imposing 

dt'p = -t-'B{vo) (1.19) 

which together with the (arbitrary) initial condition ip{l) = 0, yields 

^(t) = -{in t)B{vo) . (1.20) 

The equation for v then becomes 

tdtv = -r' (u; B{u,)u^ - B{vo)) V = l{v)v (1.21) 

with 

L{v) = - {u; B{u,)U^ - B{vo)) . (1.22) 
We shall also need the partially linearized equation for v' 

idtv' = L{v)v' . (1.23) 

The method consists in first solving the Cauchy problem with initial time zero 
for the linearized equation (1.23). One then shows that the map f — )■ f ' thereby 
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defined is a contraction in a suitable space in a sufficiently small time interval. This 
solves the Cauchy problem with initial time zero for the nonlinear equation (1.21). 
One then translates the results through the change of variables (1.15) to solve the 
Cauchy problem with initial time zero for the system (1.13) (1.14) or equivalently 
with infinite initial time for the system (1.1) (1.3). The final result can be stated 
as the following proposition, which is a slightly shortened rewriting of Propositions 
6.1-6.3. We need the notation 

FHP ^[ueS' : F-^u e hp] . 

Proposition 1.1. Let 1 < p < 3/2. 

(1) Let Uq e FHf and define 

cp{t) = -in t B(F^) . (1.24) 

Then there exists Too > and there exists a unique solution u of the system (1-1) 
(1.3) such that u e C([T'oo, oo), FH^) and such that w defined by 

w{t) = F-^ exp{-iip{l/t))Fu{t) (1.25) 

satisfy 

w{t) uo in FH" when t ^ oo . (1.26) 

Furthermore w G C{[Tao, oo) , FH^) , the map Uq ^ w is continuous from FH^ to 
L'^ {[Too, oo), FH'^) and u satisfies the estimate 

II u(t);FH'' II < ai(l + l^n t\)^ 

for some Oi > and for all t > T^q. 

(2) Let Too > 0. Let u he a solution of the system (1-1) (1-3) such that u e 
C{\Too,oo),FHP) and that u satisfy the estimate 

II u{t);FHP II < ai{l + \in t\)" 

for some ai,a > and for all t > Too- Then there exists Uq G FH'' such that w 
defined by (1.25) (1.24) satisfies (1.26). Furthermore w e C{[Too, oo), FHp). 
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(3) Let Too > 0. Let Ui, i = 1,2 satisfy the assumptions of Part (2) and assume 
that Ui{t) — U2{t) in L"^ when t ^ oo. Then Ui — U2. 

Part (2) of Proposition 1.1 is the converse of Part (1) in the sense that all 
sufficiently regular solutions of the system (1.1) (1-3) can be recovered by the con- 
struction of Part (1). As an application of that result, one obtains in Part (3) a 
uniqueness result for that system not making any reference to the parametrization 
(1.15). 

The lower bound p > 1 in Proposition 1.1 is essential for the success of the 
method. Actually the value p = 1 is critical in a natural sense. On the other hand 
the upper bound p < 3/2 is imposed for convenience only and could be dispensed 
with at the expense of complicating the estimates. 

We then briefly comment on two questions which we do not consider in this 
paper. Firstly we do not extend the solutions of the local Cauchy problem to global 
ones, since the norms in Proposition 1.1 are ill adapted to the wave equation and 
therefore do not readily allow for globalisation. Secondly we do not consider the 
converse question of solving the Cauchy problem for (1.1) (1-3) up to inflnity in 
time, starting from a (sufficiently large) flnite initial time. The reason is that this 
problem is no longer a Cauchy problem for the original system (1.1) (1-2) after the 
latter has been reduced to (1.1) (1.3) by imposing that the wave field vanishes at 
infinity in time. 

This paper is organized as follows. In Section 2, we introduce some notation and 
we collect a number of estimates which are used throughout this paper. In Section 
3, we study the Cauchy problem for the linearized equation (1.23) with initial time 
to > 0. In Section 4, we solve the Cauchy problem with initial time zero for the 
nonlinear equation (1.21). In Section 5, we prove the continuity of the solutions 
of (1.21) with respect to the initial data. In Section 6 we reformulate the previous 
results as results on the Cauchy problem for the system (1.13) (1.14) and we derive 
an additional uniqueness result for that system not making any reference to v. 

2 Notation and preliminary estimates 

In this section we introduce some notation and we collect a number of esti- 
mates which will be used throughout this paper. We denote by || ■ H,- the norm in 
j^r ^ L^(^JR^y For any interval / and any Banach space X we denote by C{I,X) 
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(resp. C^(J, X), C^{I,X)) the space of strongly (resp. weakly, Lipschitz) contin- 
uous functions from / to X and by L°°{I,X) the space of measurable essentially 
bounded functions from / to X. For real numbers a and b we use the notation 
a\/ b = Max(a, b) and a Ab = Min(a, b). 

We shall use the Sobolev spaces and defined for — oo < a < +00, 
1 < r < 00 by 

= {u:\\ u;H^ \\ = \\ cu^u \\r < 00} 

and 

^ {u:\\ u; \\ = \\< cu u \\r < 00} 

where ou — (— A)^/^ and < • >= (1 + | ■ H^^^. The subscript r will be omitted if 
r — 2 and we shall use the notation 

II uj^^'^u II2 = (11 uj^^^u II2 II uj^-^u II2) for some £ > . 

We shall use extensively the following Sobolev inequahties, stated here in iR", 
but to be used only for n = 3. 

Lemma 2.1. Lei 1 < q,r < 00, 1 < p < 00 and < a < p. If p = 00, assume that 
p — a > n/r. Let 9 satisfy o j p <Q < \ and 

n/p — a — {1 — 9)n/q + 9{n/r — p) . 

Then the following inequality holds 

II oj^u Hp <C\\u IIJ-^ II ujPu \\l . (2.1) 

We shall also use extensively the following Leibnitz and commutator estimates. 

Lemma 2.2. Let 1 < r, ri,r3 < 00 and 

1/r = l/n + l/r2 = l/ra + I/ta . 
Then the following estimates hold for cr > ; 

II ui'^{uv) ||r < C (II ui'^u llri II V 11^2 + II ijj'^v 11^3 II u 11^4) . (2.2) 
An easy consequence of Lemmas 2.1 and 2.2 is the following estimate. 
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Lemma 2.3. Let 1 < r < oo, ai > 0, a2 > 0, ai + (T2 = a + n — n/r, such that 
—n + n/r < a < ai A (72 < criVcr2 < n/2. Then 

II co^iuv) \\r < C II co^'u II2 II co'^^v ^ . (2.3) 

For 0<cr<r2/2, we define the space M°" = L°° fl H^^^ with norm 

||/;M-|| = ||/|U + ||c^"/|U/. . (2.4) 

By Lemmas 2.1 and 2.2 

||/;M'^||<||/|U +C||u;"/Vl|2 

< C (II II 11^^1/2 _ ^ ^ ^„/2±o^ ^^.5) 

and for < a' < a < n/2 

II fu; H"' II < C II /; Af" || || u; H"' \\ . (2.6) 
We shall also need some commutator estimates. 

Lemma 2.4. Let A > 0, let o"i,a2 satisfy < ai,o"2 < n/2 and 
(A - 1) V < ai + (T2 < A + n/2. 
r/ien the following estimate holds 

I < M, > | < C || w'^/ ||2 || uj^^u \\2 \\ u'^'v ||2 , (2.7) 

where (3 = \ + n/2 — a\ — 02- 

Lemma 2.4 is a variant of Lemma 3.6 in [4] and is proved by a minor variation of 
the proof of the latter. 

We now give some estimates of B defined by (1.14). From now on we take n = 3. 

Lemma 2.5. Lei < (x < 3/2 and u e C{{0,1], H''). Then 

/•oo 

II u^'^-^'^Biu.t) II2 <C du i^-^" II co^uit/u) \\l . (2.8) 
Let2<r <7. Then 

/oo 
du v-^^^l'\v - l)-i+2A- II uj^uit/v) \l (2.9) 
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with (7 = 1/2- l/2r. 



Proof. From (1.14) and from the identity 

II u'^Doiu)/ II, = z/-"+"/^ II U^f \\r (2.10) 

we obtain 

II uj^"-^/^B{u,t) II2 <C du II uj^--''/^\u{t/u)\^ II2 (2.11) 

from which (12.81) follows by Lemma 2.3. 

From the well known dispersive estimates for the wave equation [B], we obtain 

/oo 
du - l)-i+2A II u:^-^/^Do{v)\u{t/v)\'' \\, . (2.12) 

for 2 < r < 00, where l/r + l/r = 1, from which fl2.9l) follows by fl2.10p and Lemma 
2.3. 

□ 

Remark 2.1. Lemma 2.5 says nothing on the convergence of the integrals over u, 
which may well be infinite. In the applications, u{t) will be bounded in time up to 
logarithmic factors near t = 0, so that convergence will be ensured for cr > 1/2 in 
M and for r > 3 in 

In order to obtain further estimates on B{u), we need additional assumptions on 
u, namely the fact that u satisfies some linear Schrodinger equation. The following 
estimate, which holds for any space dimension n > 2, plays an essential role in ^ 
and in this paper. 

Lemma 2.6. Let n > 2, let 1/2 < a < n/2, let I be an interval and let u G C(/, H'^) 
he a solution of the equation 

idtu + {1/2) Au = Vu (2.13) 

in I for some real V G Lf^^ll , L°°) . Then for any ti,t G /, ti < t, the following 
estimate holds : 

II ^2a-2-n/2 (^|^(^)|2 _ |^(t,)|2) < C J^^ dt' \\ UJ^u{t') \\l . (2.14) 

Sketch of proof. The formal local conservation law 

9t|Mp = -ImMAM (2.15) 
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implies 

dt <\u\^,il) > = -i/2 < u,[/S.,il)\u> 

for any test function ip of the space variable. Integrating over time and estimating 
the right hand side by Lemma 2.4 with A = 2, ai = (T2 = c" yields 

I < |u(t)|2- |u(ti)p,V' > I < C t dt' II u'^uit') \\l II a;"/2+2-2<x^ ||^ 

from which fl2.14p follows by duality. The formal proof can be made rigorous under 
the regularity assumptions made on u and V . 

□ 

We now exploit Lemma 2.6 to derive another estimate on B. 

Lemma 2.7. Let 1/2 < a < 3/2, let I = (0,T] and let u G C{I,H'') he a solution 
of the equation Ii2.13\) in I for some real V e L^^i^, L°°). Then forO <ti <t <T, 
the following estimate holds : 



poo 

^2a-5/2 ^B{u,t) - B{u,ti)) II2 < C(3 - 2a)-H / du u^-"^" \\ u^uit/v) \\l . 

(2.16) 

Proof. From (1.14) and fl2.1Up we estimate 

dv II u^-^ {Ht/v)\^ - \u{ti/v)\^) II2 

which by (12.141) is continued as 

■■■<C du / dt' II u^uit') \\l (2.17) 

Jl Jti/u 

with P = 2(7 — 5/2. Changing variables from (fju) to (s, z/') defined by t' = t/u', 
V = v's yields 

■■■ = Ct r dp' I/''"'" II u^'uit/u') \\l C ds 

h J{l/u')A{h/t) 

= CtJ^°°du II oo^'uit/u) \\l{3- 2a)-^ (l - ((1/z/) A (ti/t))'"'") 

which implies (I2.16p . 

□ 

The great advantage of Lemma 2.7 over Lemma 2.5 is the fact that the RHS of 
(I2.16P tends to zero when ti,t — )■ under suitable assumptions on u. In order to 
allow for more flexibility, we interpolate between (12. 8p and (12.160 . as stated in the 
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following lemma. 



Lemma 2.8. Under the assumptions of Lemma 2.7, the following estimate holds 
forO <ti <t <T andO <e <1 : 

II ^2.-1/2-29 (^B{u,t) - B{u,t,)) II2 < C{3 - 2a)-' f 

du u^-^" (11 uj''u{t/u) \\l + II co^uiti/u) ■ (2.18) 
Proof. Interpolating between fl2.8p and fl2.16p yields 

II ^2.-1/2-29 ^B{u,t) - B{u,ti)) II2 < C(3 - 2a)-V 

I du u'-'^ f{t/u)j duu''-{f{t/u) + f{t,/u))j 

with f{t)= II u^uit) II 2, from which fl218D follows. 

□ 

In order to handle the phase factor occurring in (1.15), we shall need some phase 
estimates. The basic estimate is best expressed in terms of homogeneous Besov 
spaces [1]. The following lemma is a variant of Lemma 3.3 in [1]. 

Lemma 2.9. Let ip be a real function. Let a > and 1 < g, r < 00. Then the 
following estimate holds : 

II (exp(^v^) - 1) ; B^^^ \\< C\\ ^; B^^^ \\ (l + || ^; B^^^ (2.19) 

where [a] is the integral part of cr. 

We shall use extensively the following special case of (12.191) 

II a;"(exp(^v;) - 1) ||2 < C \\ ^ (l + || u;"/V Ib)^"' • (2.20) 

Lemma 2.9 implies the following estimate of the M'^ norm of exp{i(f) — 1 defined by 
(El for < (T < n/2 : 

II (exp(^¥;) - 1)-M'' II < C (1 A II Hoc + II V;B:/^,2 II (l + II B^^oo W^^) 
< C7 (^1 A II Hoc + II c^"/' ^ II2 (1 + II c^"/' f 112)^"^) . (2.21) 
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We now exploit the previous abstract lemmas to derive some estimates of B{uc,t) 
defined by (1-14) with Uc expressed by (1-16) and (1.20) with vq = v{0). 



Lemma 2.10. Let 1 < a < 3/2, let I = (0,T] and let v G Z/'^) nC([0, T], L^). 

Let Uc be defined by (1-16) (1.20) with vq = v{0) and satisfy the equation 

idtUc + (1/2) = Vuc (2.22) 

for some real V e L^^{I,L°^). Let < < 1. Then B{uc,t) defined by (I.I4) 
satisfies the estimate 

X (1 + W Vvo + \in t\)y \\v;L°° [{0,t],H'') f (2.23) 
forO <ti<t<T and 

B{uc,0) = lim Biuc,t) = Bivo) . (2.24) 

The limit in ^2. 24\ ) holds in all the norms appearing in Ii2.23\) . in the sense that 
B{uc,t) — B{vo) tends to zero when t^Q mH^ for -1/2 < /3 < 2a - 1/2. 

Remark 2.2. By Lemma 2.5, B{vq) e H^/'^+^ fl if 2^-i/2_ Yioyh that fact and from 
the convergence of 5(mc) to B{vo), it follows that S(mJ G L°^(/, iji/2+0p^2a-i/2-0)_ 
Note however that the limit in 02.241) holds in some norms which are not expected 
to be finite for B{vq), typically the norm for /3 < 1/2. 

Proof. We first estimate 

II oj'^Ucit) II2 < II e'^;M'^ || || Lo''v{t) h 

< {l + al\£n tlf II uj''v{t) ^ (2.25) 

with ao =11 Vfo II2, by (12.211) and Lemma 2.5. Substituting (12.251) into (12.181) yields 

II {Bit) - B{ti)) II2 < C(3 - 2a)-H'^ \\ v; L°°((0, t], H") \\ N 
where 13 = 2a -1/2-29 and 

dv 1/1-2" ^ ^2 ^1 ^ 1^^ ti\+£nv)) 
< C{a){l + al{l + \£nt\ + \enti\)y (2.26) 
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where 

/oo 

We next estimate 

II {Bit) - B{h)) h < E II {b {t2-^) - B (t2-(^-+i))) II2 

0<J<^-1 

+ \\ [b {t2-') - B {t,)) h 

for 2"^^"*"^) < ti/t < 2~^. We estimate each term in the sum by (12.261) with (t, ti) 
replaced by (t2~-', t2~*^-'~^^)) or by (t2~^,ti) thereby obtaining 

II cu^ {B{t) - B{ti)) II2 < C((t)(3 - 2a)-^ \\ v; L°°((0, t], if") || 

X ^ 2-^'^ (1 + al{l + \in t\ + jin 2))^ 

from which fl2.23p follows for < ti < t with 

C{a,9) = Cia){3-2a)-'Y.^-^' f ■ 

j>0 

Note that C(cr, 6) blows up when cr— )-lor(T— )-3/2or^— t-O. 
We next prove that B{uc,t) tends to B{vo) in H^. In fact 

II u (Bit) - B{vo)) II2 <Jdu u''/' II K{t/u)\' - \vo\' h (2.27) 

by fl2JT]l with a = 3/4. Now 

K{t/iy)\^ - \vo\^ = Re (([/* - l)e*'^ v) {U + l)e~^^ + Re(U - Uo)(^^ + ^^o) 

so that 

II \uc{t/i^)? -\vo? II2 < II (f/*-l)e^'^U||3 II {U + l)e-''Pv\U 

I II I1V2 II ||l/2 II , II 

+ ll^-^olh 11^-^0 lie 11^ + ^0 lie 
< C {{t/uf/' II Ve-^^ v\\l + \\v-v, llf (II VHI2 + II Vv, hf'} 
< C[{t/uf'^ (1 + |£n t) II V5o II3)' II Vv ■} 

which tends to zero when t — )■ for v G L°°{I,H^) and f(t) tending to in L^. 
Together with the estimate (12.231) for < ti < t < T, this proves that the same 
estimate also holds for ti = with B{uc,0) = B{vo) by an appropriate abstract 
argument. 

□ 
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3 The linearized Cauchy problem for v 



In this section we study the Cauchy problem for the hnearized equation (1.23) 
with L{v) defined by (1.22) (1.14) (1.16) (1.17) (1.20) for a given v, with initial time 
to > 0. We first give a preliminary result with to > where we do not study the 
behaviour of the solution as t tends to zero. 

Proposition 3.1. Let p > 1, let I = {0,T], let vq E Rf and let v e L'^{I,Hp). 
Let < p' < 3/2, letO <to <T and let v'^ e Hp' . Then the equation (1.23) has a 
unique solution v' G C^{I,Hp') with v'{to) = v'q. The solution satisfies 

II v'{t) II2 = II v'f^ II2 

for all t & I and is unique in C{I, L^). 

Sketch of proof. The result follows from the fact that the operator L{v) is bounded 
in H'^ for < cr < 3/2 for all t G / and is self-adjoint in L^. In fact for any v' G 

II uj^Livy II2 < (11 e^^;M" f || B{uc)-M'' \\ + || 5(fo);M" ||) || II2 
and the norms in the right hand side are estimated by (12.211) fl2.5p and fl2.8l) . 

□ 

We next study the boundedness and continuity properties near t = of the 
generic solutions of (1.23) obtained in Proposition 3.1. In view of later applications 
with p' = p, we henceforth restrict our attention to the case p' > 1. 

Proposition 3.2. Let p > 1, let I = (0, T] and let v G L°°(/, H^) n C([0, T],L^) be 
such that Uc defined by (1-16) (1.20) with Vq = v{0) satisfy the equation \2.22) for 
some real V G Lf^^{I,L'^). Let 1 < p' < 3/2 and let v' G C{I,Hp') be a solution of 
the equation (1.23) in I. Then 

(1) v' G (C^ nL°°)(/,iJ''') nC^([0,T],/7^') nC([0,T],/7'^) /or O < ct< p'. 

(2) LetO<e< (1/2) A (p - 1). Then for all t G [0,T], ti G /, the following 
estimate holds 

WcjP'v'it) II2 < WojP'v'iti) II2 ^(|t-ti|) (3.1) 

with 

E{t) = E{t, a) = exp (c{e)t^ (l + a^{l + \ln t\)f\ , (3.2) 
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a= II v-L^{I,HP) II . 
(3) For all t,ti G [0,T], the following estimate holds 
v'{t)~v'{ti) II2 < C\t-ti\p''^ {i + a\l + \ln\t ~ ti\\)f \\ ujp'v'{tyti) 



(3.3) 



II2 • 
(3.4) 

Proof. We know already that the norm of v' is conserved. The bulk of the proof 
consists in deriving the estimates fl3.ip and fl3.4p for t,ti G /. We begin with fl3.ip . 
From (1.23) we obtain 

tdt II ujp'v' \\l = 2 Im < ujp'v',uP' L{v)v' > = Jq + Ji + J2 (3.5) 

where 



Jo = -2 Im < u^'v', ujP' U; {B{u,) - Bo) U^v' > 



{U*BqU - Bo) C'^Py' > 



''\Bo 



U - 



Ji = -2 Im < v' 

J2 = z < v', e'"^ (U 

with Bo = B{yo). We estimate Jq by 

|Jo| < II e'^'-^MP' f II B{u,)-Bo;MP' \\ 
< C{d)f (1+ II \/vo \\l (1 + \in t\) 



e-'^ v' > 



p' ' Il2 

u^v II2 



(3.6) 
(3.7) 
(3.8) 



xj] II t;;iv°^((0,t],ifi+^±°) II II a;^V \\ 



(3.9) 



by ([23D, (EHD, fl^^ and Lemma 2.10 with 2a - 1/2 - 20 = 3/2 ±0 or equivalently 
0" = 1 + ± which allows for cr<3/2for0<l/2. In order to estimate J\ and J 2 
we use the identity 



U*AU - A={U* - V)AU + A{U - 1) 



and the estimate 



II (f/-l)/||2< ||C^'"/||2 

with < /i < 1. We also use Lemma 2.4 in the case 

< v^, {u?'\iyh >< C\\ a;3/2+2M/ II2 II ujP'-'^^v^ \\ u"' h 



(3.10) 
(3.11) 

(3.12) 



with < /i < l/2(< p'/2). We obtain 

I Jil < C t'^ II a;3/2+2M || Bo] M^' 



P'r,,' l|2 



< C flin t\ II Lo^+P vo \\l II vo g (l + || Vvo \\l \£n tlf \\ co^'v 



^'^Z III 



(3.13) 
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by ([23]), dMD, fl2:20|) with a = 3/2 + 2/i and ([221]), for < < 1/2. Similarly, we 
estimate 

P',/ l|2 



IJ2I < C II a;3/2+2M 5^ II gi^-M''' |p II u-v 

< Ct'^ II t;o 11^ (1 + II Vt;o 11^ |£n t|)^ II w^V . (3.14) 

Collecting ( 13. 9 p (I3.13P ( I3.14p and using the fact that all the norms of v occurring 
therein are bounded by a for < /i, 6* < 1/2 A (p — 1), we obtain 

t\dt\\ujf'v' < {Ci{e)f a^(l + a^{l + \^nt\)f 

+ Ct^ a2(l + aV^t|)'} ll^^'Vll^ . (3.15) 

Taking = 6 and integrating over time yields f l3.ip for t, ti G / by an elementary 
computation using the fact that 

f'dt r^^^ \in tf < dt t-^+^ \in t\P 
Jti Jo 

for p > 1 and < ti < t < 1. 

We next derive the estimates (13. 4p for t,ti G /. From (1.23) we obtain 

dt II v'{t) -v[\\l= 2t-^ Im < v'{t) - v[, L{v)v[ > (3.16) 

where v[ = v'{ti) so that 

\dt II v'it) - v[ II2I < II L{v)v[ II2 < t-\Ko + Ki) (3.17) 



where 



K^=\\{B{u,)- Bo)U^v[\\2 , (3.18) 
Ki = II {WBoU - Bo) e-'^^v'^ h . (3.19) 



We estimate 



Ko < II uj'/^-''iBiu,) - Bo) II2 II e^^; M"' \\ \\ u^' v[ h 

< Cia)tUl+ ||Vt;o||^ il + \int\)Y || t;; L°°((0, t], if") f || II2 



(3.20) 

by ([231) fl2:2B and Lemma 2.10 with 

1 < cr < 3/2 , 0<9 = p'/2 + a - 1 < 1 . 
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We next estimate 



Ki < t"'/^ II B^-MP' II II e'^^-MP' II II uP'v[ h 

< C//' II u;^^%o II2 (l + II Vi;o II2 l^^^l)' II ^"'^1 II2 (3.21) 

by fIXTU]) fimi) (ESD (ESD. Substituting fICT]) into flXT7|) yields 

\dt II ^^'(t) - II2I < C t-i+'^'/a ^2 ^ ^2^^ ^ ^1)^6 II ^^^^^^ 

from which (13 .4^ follows by integration over time for t, ti G /. We next exploit (13. ip 
and ( 13. 4p in / to complete the proof of the proposition. From ( 13. ip it follows that 
v' E L°°{I,HP'). From (I33D and dSH]) it then follows that v' has a hmit t;'(0) in 
and that (13.40 holds for t, ti G [0,T]. It then follows by a standard abstract 
argument that w'(0) G Hp\ that t;' G C^([0, T], n C([0, T], if'^) for < a < p' 
and that ([31]) holds for all t G [0, T], ti G /. 

□ 

We have not proved so far that v' G C([0, T], i/'''). This is true but requires a 
separate argument. 

Proposition 3.3. Under the assumptions of Proposition 3.2, v' G C([0, T], iJ''') and 
( TO) /ioWs /or a// 1, ti m[0, T]. 

Proof. Let ti G /, ti > and let y4(t) be the linear map v'^ — i- v'{t) defined by 
Propositions 3.1 and 3.2 for < t < T, with v[ = v'{ti). Let < £ < 3/2 - p'. It 
follows from ( 13. ip that A(t) is bounded in H'' for 1 < a < 3/2 and in particular 
satisfies the estimates 

II A{t)v[;HP' II < ;E II v[;Hf' \\ (3.23) 
II A{t)v[; RP'^' II < E\\ v[- RP'^' \\ (3.24) 

for all t G [0,T], for some constant E independent of t. 

We decompose a function / into its high and low frequency parts /> and /< 
according to 

/>(0 = x(lel > N)m (3.25) 

for some (large) > 0. 
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Let now v' satisfy the assumptions of Proposition 3.2. We first sliow tliat 
II v'{t)y]HP' II tends to zero uniformly in t when — > oo. For that purpose we 
estimate 

II v'{tUHP' II = II {A{t)v',)^-HP' II 

< II (A(tK>)>;iJ^' II + \\{A{t)v[^)^-H''' \\ . 

Now 

II {A{t)v[^\-H^' II < II A{t)v[^-H^' II < E II v[^-HP' II 
by (13:231) while 

II {A{t)v[^)^-H''' II < iV- II {A{t)v[^)^-H^'^^' II 
< iV-" II A{t)v[^]HP'+' II < EiV-= II v[^;HP'+' \\ 

by (13211), so that uniformly for t E [0, T] 

II v'{t)y, HP' II < E (II /f''' || + N'' \\ v[^; Hp'+' \\) = Ejv . (3.26) 

The two terms in the second member of (13.261) tend to zero when N ^ oo for fixed v'l 
by definition and by the Lebesgue dominated convergence theorem respectively. We 
now estimate 

II v'{t)-v'{0);HP' II < II {v'{t)-v'{0))y,HP' \\ + \\ {v'{t) - v'{0))^; H"' \\ 
< 2eN + (1 + A^)" II v'{t) - v'{Oy, HP'-' \\ 

The first term in the right hand side tends to zero when — > oo uniformly in t, 
while the second term tends to zero for fixed when t — )■ since v' G C([0, T], Hp'~') 
by Proposition 3.2. 

□ 

We can now state the main result on the Cauchy problem for the linearized 
equation (1.23). 

Proposition 3.4. Let p > 1, let I = (0,T] and let v G L'^{I,Hp) nC([0, T],L2) 
be such that Uc defined by (1-16) (1.20) with vq = v{0) satisfy the equation Ii2. 22) 
for some real V G L^^{I,L'^). Let 1 < p' < 3/2 and let v'q G Hp' . Let to G [0,T]. 
Then there exists a unique solution v' G C([0, T], iJ^') of the equation (1.23) with 
v'{to) = Vq. Furthermore v' satisfies the estimates liS. 1\) and Iji3.4\ ) for allt, ti G [0,T]. 
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The solution is actually unique in C([0,T],L^). 

Proof. For to > 0, the result follows from Propositions 3.1, 3.2 and 3.3. For to = 0, 
it will be proved by a limiting procedure on tg- For any ti G /, let v^_^ be the 
solution of (1.23) with v^_^{ti) = v'q given by Propositions 3.1 and 3.2. Let now 
< ti < ta < T. It follows from (jSH]) that 

\\u;P'v[^{t)h< E{\t-t,\)\\u^'v',h (3.27) 

for i = 1,2 and for all t G [0,T]. Furthermore, from (13. 4p and (I3.27P and from 
L^-norm conservation, it follows that 

II <(i) - <(i) h = II <(ti) - v', h = II <(ti) - <(t2) II2 

< C\t2-ti\^'/^ a^{l + a\l + \£n{t2-t^)\)y E{t2)\\uP'v'o\\2 . (3.28) 

From f l3.28p it follows that v'^^ converges in L°°{I, L^) norm to some v' G C([0, T],L^) 
when ti — )■ 0. From the uniform estimate (I3.27P it follows by abstract arguments 
that v' G (C^ n L'^){[0,T],HP') n C{[0,T],H'') for < a < p', that v' satisfies the 
estimates of Proposition 3.2 and that v'{0) = v'q. Furthermore v' is easily seen to 
satisfy (1.23) in /, so that v' G C^{I , Rp'). It remains to be proved that actually v' 
is strongly continuous in H^' at t = 0. This follows from Proposition 3.3, which has 
not been used so far. Alternatively it follows from the estimate (13.270 with ti = 
that 

lim sup II uP'v'{t) II2 < II ujp'v'q y E{0) = \\ ujp'v'{0) y 
which together with weak continuity implies strong continuity at t = 0. 

□ 

Remark 3.1. Note that in the case where to = 0, Proposition 3.3 is not needed for 
the proof of Proposition 3.4. 

4 The nonlinear Cauchy problem at time zero 
for V 

In this section we prove that the non linear equation (1.21) for v with initial data 
at time to has a unique solution in a small time interval by showing that the map 
r ; f — )■ t>' defined by Proposition 3.4 with to = is a contraction. For that purpose. 
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we need to estimate the difference of two solutions of tlie linearized equation (1.23). 



Lemma 4.1. Let p> 1, letO < 9 < (1/2) A(p-l), let I = (0, T] and letVi, i = 1,2 
satisfy the assumptions of Proposition 3.4 with fj(0) = f o G H^. Let 1 < p' < 3/2 
and let v[, i = 1,2 he the solutions of the equation (1.23) with f-(0) = v'q E H^' 
obtained in Proposition 3. 4. Let V- = V2 — fi and v'_ = V2 — v'l. Then the following 
estimate holds for all t, < t < T : 

II v'_;L°°{{0,t],HP') II < C t^E{t,a)aa' (l + a^{l + \in t|))^ || v_; L°°{{0,t], H^) \\ 

(4.1) 

where E{t, a) is defined by ^3. 1\) and 

a= Max \\vi;L°°{{0,T], HP) \\ , a' = Max || f^; L°°((0, T], ff^') || . 
Proof. From (1.23) we obtain 

idtv'_ = t-\L2v'2-LWi) 
= t^^{L2v'_+L_v[) 

where Lj = L{vi) and 

L_ = L2 - Li = -u;b^u^ , 

B^=B {U,2) - B (Mel) . 

We estimate for < ct' < 3/2 

tdt II w"'f^(t) 11^ = 2 Im(< w"'t;^,w"'L2f^ > + < u"' v'_,uj''' L^v[ >) . (4.2) 
By the estimates in the proof of Proposition 3.2 (see in particular (13.151) ) we obtain 

II uj^'v'^it) II2 < E{t,a) f dt' t'-' II 00""' L^v[{t') h . (4.3) 

Jo 

We next estimate 

II id^^'L^v'^ II2 < II e*'^;Ar' f || B_;^r' \\ \\ u""' v[ II2 

< C(l + a^\^n t\Y II II2 || u"' v[ h . (4.4) 

by (ESD (12:2111 . From (1.14) we obtain 

/oo 
du u~^uj-^ sin(w(z/ - l))Do(z/)(|Mc2p - Wi\^){t/u) . (4.5) 
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By the same method as in the proof of (12.81) . we estimate 

II ^2a-l/2^_(^) ^ J ^^2a || ^-^,+ {1/^) ^ \\ Uj'' U^_{t / v) Ha (4.6) 

for 1/2 < cr < 3/2, with u^^ = Uc2 ± Uci- On the other hand, in the same way as in 
Lemma 2.6, the local conservation law (I2.15P for Ud implies 

dt < |Uc2p-|MclP,^ > = -(V4) (< Mc+, [A,^/']Mc- > + <Uc-,[A,'^]Uc+>) (4.7) 

for any test function ip, so that 

II u;'"-'^' (kc2(t)r - Mt)\' - {Mti)\' - Mh)\')) h 

< C f dt' II uj^u^+it') II2 II uj^u^-it') II2 (4.8) 
for 1/2 < cr < 3/2. Substituting (14. 8 p into the definition of B_ yields 

roc rtlv 

II a;2-5/2 _ 11^ < / ^2-2. / II ^^^^^(i') 11^ II ^'^u,_(i!) 

Jl Jtxjv 

du u^-^" II u^Uc+it/u) f II w'^Mc-(t/z^) II2 (4.9) 

for 1 < cr < 3/2, in the same way as in the proof of Lemma 2.7. We know from 
Lemma 2.10 that B^{ti) tends to -B-(O) when ti — )■ in the norms appearing in 
dSD and that 5_(0) = since Vi{0) = V2{0). Therefore 

i-OO 

II ^2a-5/2^_(^) 11^ < ^ ^ ^l-2a || ^<^y^^(i/^^) || uJ^U^^it/u) Us . (4.10) 

Interpolating between (14. 6 p and (14.101) we obtain 

II ^2<x-l/2-2e^_(^) 11^ < ^^j^ II ^"^c+(t/^^) II2 II u'^U.^t/u) II2 

for 1 < (T < 3/2 and < ^ < 1, 

•■■<Ct^(l + a2(l + |^nt|))^a || L°°((0, t], iJ") || (4.11) 

(see (12:251) ([226])). Substituting fl4TT]) into (jO]) with a = 1 + 6* ±0 and substituting 
the result into (gS]) yields fliAj) . 

□ 

We can now state the main result on the Cauchy problem at time zero for the 
equation (1.21). 
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Proposition 4.1. Let 1 < p < 3/2 and let vq G H^. Then there exists T > and 
there exists a unique solution v G C([0, T], if) of the equation (1.21) with v{Q) = Vq. 
One can ensure that 

II v; L°°([0, T],HP)\\ < R = 2 \\ vq; \\ (4.12) 
C T'^R^ (l + R^{l + \EnT\)f = 1/2 (4.13) 

for some 6,0<d<p — 1, and some C independent of vq. 

Proof. Let G Rp, let = B{vo) and = -in t Bq. Let T > 0. For any 

V G C{[0,T],HP), we define Uc = U^v. Let F{T,vo) be the set of v e C{[0,T],Hp) 
such that f(0) = fo and that Uc satisfy the equation fl2.22p in (0,T] for some real 

V G L^^((0, T], L°°). It follows from Proposition 3.4 that F{T,vo) is stable under 
the map F : t> — )■ f ' defined by that proposition with to = and v'q = Vq. Let 
B{R) be the ball of radius R in C{[0,T], Hp). From Proposition 3.2 it follows that 
B{R) n F{T, vo) is stable under F if 

E{T,R)<2 (4.14) 

with R = 2 II Vq] HP II . Furthermore by Lemma 4.1, F is a contraction in the 
L°^{[0,T]),HP) norm on that set if 

C T^E(T, R) R^ (l + R^{1 + \in T|))^ < 1/2 . (4.15) 

Therefore for T sufficiently small to satisfy (14.141) (14.151) . namely under a condition 
of the type (I4.13p . the map F has a unique fixed point in B{R) provided F(T,vo) 
is non empty. The set F{T,vo) is non empty because it contains the solution of the 
linear equation 

id,v^^) = {u; Bo - Bo) v^'^ 

with f*^°)(0) = Vo obtained by a simplified version of Proposition 3.2. Clearly the 
fixed point v satisfies the equation (1.21) and therefore belongs to F{T,vo). 

□ 

5 Continuity with respect to initial data 

In this section we prove that the map vq v defined in Proposition 4.1 is con- 
tinuous in the natural norms. For that purpose, we need to estimate the difference 



22 



of two solutions of the linearized equation (1.23) corresponding to two functions Vi 
and V2 not necessarily satisfying the condition fi(0) = ^2(0). The following lemma 
is an extension of Lemma 4.1 where we drop that assumption. 

Lemma 5.1. Let p > 1, let I = (0, T] and let Vi, i = 1,2 satisfy the assumptions of 
Proposition 3.4 with Vi{0) = VQi G H^. Let 1 < p' < 3/2 and let v[, i = 1,2, be the 
solutions of the equation (1.23) with f-(0) = v'^^ E Rp' obtained in Proposition 3.4. 
Let t>_ = V2 — Vi, fo_ = V02 — Vqi and similarly v'_ = V2 — v[, v'q_ = — "Woi- 
< 2p < p' and 6 = p + {p — l)/2 A (1/8). Then the following estimate holds for 
allt, <t <T : 

II u"'-^" v'_{t) II2 < E{t,a)[ II v'^_ II2 

+ C(p)aa'(/i-VLi° II t;o-;^MI + fL"" \\ v_; L^{{0,t], H^) \\)) (5.1) 

where E{t, a) is defined by h3. 

a= Max II T;i;L~((0,T],i/'') II ,a' = Max || w,'; L~((0, T], i/"') ||, 
L = l + a^{l + \int\) . 

The constant C{p) depends on p but is independent of p. 

Proof. In the same way as in the proof of Lemma 4.1 we obtain from (1.23) 

idtv'_ = t-^{L2v'2-L^v[) 
= t-' (L2v'_ + L_v[) 

where Li = L{vi) and L_ = L2 — Li, from which we obtain (14. 2 p and (14.31) . Now 
however L_ is more complicated because we do not assume that fi(0) = ^2(0). Let 
= B{vi{0)), Bo_ = B02-B01 and correspondingly = -{in t)Boi, ip_ = (p2-^i- 
Let Bi = B{uci) and B_ = B2 — Bi. Then 

— L^ = U*^B2U^,2 — B02 — U*^BiU^^ + Boi 

= U;^{B2-B,2)U^,~U;^{B,-B,,)U^, 

^^iv2 {u*Bq2U - B02) e-*'^2 - e*'^^ {U*BoiU - Bqi) e'^'^i 
= J0 + J1 + J2 + J3 (5.2) 
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where 



Jo = (e^'^^-e^^i)f/*(52-5o2)t/^, + f/;,(52-5o2)(e-^'^^-e-*'^i) , (5.3) 

Ji = U;^{B_-B,_)U^, , (5.4) 

+e*'^i (f/*5o2f/-fio2) (e-*^' -e-*^^) , (5.5) 

J3 = e^'^i {U*Bo-U - fio-) e^^'^^ . (5.6) 

We now take < a' = p' — 2/i < p'(< 3/2) and we estimate the previous quantities 
as follows 

II II2 < ^(liW ^'""5 11) II (e'"'" - 1) i II 

X n II c^'/'-''^±(i?2 - B02) llf II II2 , (5.7) 
± 

II io^'M II2 < C II e'^^;M'^' f n II ^'/'"''^^(fi- - Bo-) \\ uj''v[ h , (5-8) 

± 

with 

' fj,± = fj^ for /i > £ , 

< 

fi± = fi ± e for yU < £ 

for some fixed e and with constants C which depend on e but can be taken inde- 
pendent of fi. Here we have used estimates of the type 



"'Bv h < Cn II cu'/'-'^^B 11^/' II co^'v II2 (5.9) 



which follow from a minor variation of Lemma 2.3, with constants C satisfying the 
property quoted above. 
We next estimate 



II ^ 



"'M II2 < ^^'^ (n II e'^-,MP' II j II [e'^P- - 1) ;M^' |||| B02; M^' \\ || 00'' v[ h , 

(5.10) 

II II2 < t'^ II e'^^'-^MP' f II Bo-; MP' \\ \\ ujp'v[ h (5.11) 

where we have used (13. lip and where the constants are again independent of /i. 
Collecting (KW (KW . we obtain 

II uj'^'L-v'^ II2 < C (usixW e'^^]MP' f ^ K \\ ujp' v[ h (5.12) 
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where 

K = II {e'"^- - 1); MP' || \\ a;3/2-2/.± (^^ - B02 + ^ || B02; M^' || j 

+ n II ^^^^~^^^{B- - fio-) II 2^^ II Bo_; MP' II . (5.13) 

± 

We have aheady estimated 

II e^'P^-.MP' II < C(l+ II VvQi \\l \lnt\f < C (5.14) 
II Bq2;Mp' II < C . (5.15) 

Furthermore, by ([23]) ([21]) ([Ml]), 

II Bo-] MP' II < C II II2 II w^^%o- II2 < C a \\ vq^; RP \\ , (5.16) 

II (e^^- - 1);]^^' II < C( II lU + II c^'^V- II2 (1 + II cu'^V- II2) 

< C\£nt\{ II 5o_ lloo + II u;'/'5o_ Ih (l + |^n t| || lo^/^Bq- h) 

< C\in t\ II w^^%o+ II2 II uj^^\- II2 (1 + \in t\ II Vt;o+ II2 || Vt;o- II2) • 

< C a\en t\{l + a^\en t\) \\ vo-; HP \\ . (5.17) 

We next estimate 

II ^3/2-2m±^^^ _ 11^ < ^ ^^)±^2 ^4 (5_^g) 

by Lemma 2.10, especiaUy (I2.23p . with 

0<e± = fi± + a-l<l 
for some a satisfying 1 < a < 3/2, cr < p. We choose 

2e = a - 1 = (p - 1) A 1/4 

so that 

/i + (a - 1)/2 = e = 6- <e+ <1 

and 

II a;3/2-2M±(52 - S02 II2 < C fa^ (5.19) 

for < 2/i < p', with a constant C depending only on p. 

It remains to estimate the last but one term in fl5.13p . Taking the limit ti — t- 
in (14.91) and using again Lemma 2.10 with ^ = 1, we obtain 

/•oo 

II ^2—5/^(^B_{t) - Bo_) \\2< Ct du z/i-^'^ II u'^Uc+it/u) II2 II uj''u,^{t/u) y 

^ (5.20) 
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which differs from f l4.10p by the fact that now i?o- 7^ 0. Interpolating between fl5.20p 
and (14.61) together with the simpler estimate 

II a;2"-i/2^o- II2 < C a \\ cj^wq- II2 (5.21) 

we obtain 

II ^2.-1/2-29 _ 11^ < ^ f p dp V^-'"' 

X (II w"Me+(tH II2 II u;"Mc-(t/z/) II2 + a II uj^vq- \i) (5.22) 

for 1 < cr < 3/2, (T < p and < 6* < 1. We estimate || oj^^u^^ II2 by (12:251) . On the 
other hand, from 

= e-''^i ((e-^^- -1) V2^v_) 

we obtain 

II II2 < C II e-^'^^M^ || (|| (e"^'^- - 1);M'^ || || a;^t;2 II2 + 1| oj'^v^ \\^ . 

(5.23) 

Substituting (jSHD flSTTD into fl5:23|) yields 

II w"Mc- II2 < CL^ (^a^lfn t|L II ^;o-;^^ II + |h-; lv°°((0, t], iJ^ ||) . (5.24) 

Substituting (ICTD into (i5:22|) yields (see ([225])) 

II c^3/2-2m±^^_ 11^ < C a(L'' II Vq_;HP II + || L°°((0, t], ff") ||) 

(5.25) 

with the same Q and with C depending only on p as in (15.190 . 
Substituting fl5J[5D - fl519D and fl5:25|) into fl57[3|) yields 

< C a(t^L2 II t;o_;i7^ II ^ f (jJ' \\ v^^- Rf \\ + || L°°((0, t], i/") ||)) . 

(5.26) 

Substituting (15.261) into (I5.12p . substituting the result into (14. 3p . integrating over 
time and using the fact that Q > /iV ((p— 1)/2A (1/8)) and that 

f'dt' t'^~^\in t'\P < C X-^P+^h^{l + \in t\y 
Jo 

yields (lO) . 

□ 

We can now prove the continuity of the map Vq v defined in Proposition 4.1. 
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Proposition 5.1. Let 1 < p < 3/2, let R > and let T he defined by ( [^. igp with 
9 = {p-l)/2A (1/8). Let B{R) be the ball of radius R m Rp . 

(1) Let 1 < X < p. Then the map vq ^ v defined by Proposition 4-1 is continuous 
from to L°°((0, T], if uniformly for Vq G B{R/2). Furthermore, there exists 
Tx, <Tx <T, such that for two solutions vi, i = 1,2 of the equation (1.21) with 
fj(0) = Voi G B{R/2) as obtained in Proposition 4-1, the following estimate holds : 

|h_;L-((0,T,],if^) II < 2E{Tx,R){l + C{\)R\p-X)-' Ti'-''^'^ L{TxY') 

X II vq-]H^ II (5.27) 

where f _ = f 2 — fi and vq^ = V02 — "Woi- One can define Tx by 

C(A) E{Tx, R)R^ Tl L{Txf = 1/2 (5.28) 

where E(T, ■) is defined by h3.2) and 

Lit) = 1 + R^{l + \ln t\) . 

(2) The map f — ?• f defined by Proposition 4-1 is (pointwise) continuous from 
HP to L°^{{0,T],HP) forvo G B{R/2). 



Proof 

Part (1). From (15. ip we obtain 



II v'_;L^{{0,t];HP'-^P) \\ = Sup Sup || coP'-^^"' v'_{t') y 

o<t'<t ^l<^i'<p'/2 

< E{t,a)(^ II v'q_]Hp'-^^' II + C{p)aa'(^fi-h^'L^^ \\ Vq^^RP \\ 

+ t^L°° II v.-L^{{{),tlHP) II )) . (5.29) 



Changing (p',p) to (p, A) satisfying l<A = p — 2p<p and using the fact that 
v[{t) = Vi{t) G B{R) for all t G (0,T], we obtain 



II v^;L^{{0,t];H^) \\ < E(t, i?) ( (l + C(A)i?V^i''^^°) II ^^o-;^^ II 

+ C{\)R' t^L°^ II L<^((0, tl H^) II ) . (5.30) 



The value of 9 coming from Lemma 5.1 is 

((A - l)/2 A (1/8)) + p > (p - l)/2 A (1/8) 
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and we have therefore replaced it in fl5.30p by the latter quantity, which is inde- 
pendent of A. From f l5.30p with Tx satisfying f l5.28p . we obtain fl5.27p which proves 
the stated continuity in the interval (0,Tx). The extension of the continuity to the 
whole interval follows by an iteration argument using a simplified version of Lemma 
5.1. 

Part (2). The proof is similar to that of Proposition 3.3. Let A{v) be the linear map 
v'q v' from hp' to C([0, T], i/''') defined by Proposition 3.4. Let < e < 3/2 - p 
(for instance £ = 3/4 — p/2). It follows from (13. ip that 

II A{v)v'^- L°°((0, T], HP) II < E II v'^- HP \\ (5.31) 
II A{v)v'q- L°°((0, T], HP+') \\<E\\ v'q] HP+' II (5.32) 

for some constant E = Max E{T, R) where the maximum is taken over p' = p, p + e. 
Let now Vt, i = 1, 2 be two solutions of the equation (1.21) with f j(0) = VQi G B{R/2) 
as obtained in Proposition 4.1. Then Vi = AiVqi where Ai = A{vi). We want to show 
that V2 tends to vi when t>02 tends to Vqi for fixed Vqi. We separate again high and 
low frequency according to fl3.25p . We estimate 

II V2-v^■,L^{{0,T],HP) \\ < \\ {A2Vo2> - A^voi>)^; L^iHP) \\ 

+ \\{A2Vo2<-A,voi^)^;L'^{HP)\\ + \\ {v2 ~ v,)^; L°^{HP) \\ .(5.33) 

Now 

II {A2Vo2>-A,vo,y)^;L'^{HP) \\ < EJ2 II voi>;HP \\ 

i 

< E{2\\voi>;HP\\ + \\ V02-V0,- HP \\) . (5.34) 
On the other hand 

II {A2Vo2< - Ait;oi<)> ; L^{HP) \\ < N'^ \\ {A2Vo2< - A^vok)^ ; L^{HP+') \\ 

< N''J2 II A,voi<;L°°iHP+') \\ < E N-'J2 II ^o^<■,HP+' \\ 

i i 

< E II voi<; HP+' \\ + || vo2 - Voi, HP \\) . (5.35) 

Let now 1 < A < p (for instance A = (p + l)/2). It follows from Part (1) that 

\\iv2-vi)^;L°^iiO,Tx\,HP)\\< (N + 1)p-^ \\ V2 - vi; L'^HO^T,], H^) \\ 
< (AT + 1)P-^C_(A) II vo2 - vor, H^ II (5.36) 



28 



for some Tx possibly smaller than T and for some C_(A) which can be read from 
flOTj) . Substituting f lCTjl - flSlSej) into (103|) yields 

\\v2-v,;L^{{0,Tx],HP)\\< 2E {\\ voi>; H'^ \\ + N'^ \\ voi<; HP+' \\} 
+ {2E + {N + ly-^C^X)) II vo2 - voi; \\ . (5.37) 

The two terms in the bracket tend to zero when N tends to infinity by definition 
and by the Lebesgue dominated convergence theorem respectively, while the last 
term in fl5.37p tends to zero for fixed when vq2 tends to wqi iii . This completes 
the proof of continuity from i/'' to L°°((0, T^], W). The extension to the original T 
proceeds by simpler arguments. 

□ 

Remark 5.1. Using a minor generalization of Lemma 5.1, one could solve the 
Cauchy problem for the equation (1.21) down to t = 0, starting from a (sufficiently 
small) positive initial time. 

6 The Cauchy problem at time zero for Uc 

In this section, we first translate the results of Sections 4 and 5 on the Cauchy 
problem for the equation (1.21) for v into results on the Cauchy problem for the 
equation (1.13) for Uc- We then show that conversely, any sufficiently regular so- 
lution Uc of (1.13) can be recovered from a suitable v solution of (1.21). As an 
application of the latter result, we derive a uniqueness result for the equation (1.13) 
not making any reference to v. 

Proposition 6.1. Let I < p < 3/2, let e Rp, define ip by (1.20) (1.14). Then 
there exists T > and a unique solution u^. G C((0, T], if) of (1.13) such that 
v{t) defined by (1.15) satisfies the equation (1.21) and that v G C([0,T],i^^) with 
f (0) = Vq. The map Vq ^ v is continuous from Rp to L°°{{0, T], Rp) and Uc satisfies 
the estimate 

II Ucity,RP II < ai{l + \int\y (6.1) 
for some ai > and for all t G (0, T]. 

Proof. The results follow from Proposition 4.1 and 5.1 through the change of 
variables (1.15). The estimate (16. ip follows from fl2.25p . 

□ 
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We now derive a converse of Proposition 6.1. 

Proposition 6.2. Let 1 < p < 3/2, let I = (0, T] and let Uc G C(/, H^) he a solution 
of (1.13) in I satisfying 

II Uc{t)-HP II < ai(l + \tn t\Y (6.2) 

for some ai, a > and for all t E I. Then there exists v G C([0, T], H^) ) satisfying 
the equation (1.21) with vq = v{0) such that Uc is recovered from v through (1.15) 
(1.20). Furthermore 

B{v^) = \\mB{u,,t) (6.3) 

in for 1/2 < /3 < 2p - 1/2. 

Proof. We first prove the existence of the hmit of B{uc,t) when t tends to zero. 
From ([2SD (D, it follows that 

II uj^^-^/^B{u,,t) II2 < C a?(l + \en t|)2" (6.4) 

for 1/2 < a < p. From Lemma 2.7, especially (12.161) . with V = t^^B{uc), it follows 
that 

II ^2.-5/2 ^^^^^^ ^) _ ^^^^^ 11^ < ^^3 _ 2^)-l ^2 _^ 1^^ ^|)2a 5^ 

for < ti < t and 1 < a < p. Interpolating between (16. 4p and (16.51) yields 

\\ ^^-y^-^s ^B{uc,t) - B{u„ti)) \\2< C{3-2a)-' alt'il + ientl + ientiiy" (6.6) 

for 1 < cr < p and < < 1. By the same dyadic argument as in the proof of 
Lemma 2.10, this implies 

II cj2a-l/2-2e (^(^^^ _ ^(^^^ 11^ < ^(^^ ^) ^2 ^6^^ ^ |^^ ^|)2a 

for < ti < t, 1 < (T < p and < < 1. From ([S3D O it follows that B{uc,t) 
has a limit Bq in if^ for 1/2 < /3 < 2p — 1/2 (see however Remark 2.2) and that 

II a;2-i/2-2e (^^^^^^ ^) _ ||^ < c{a, 6) aj t\l + {in t|)2" . (6.8) 
From (16.41) and (16. 8p taken for some fixed t, it follows that 

II Bo;H^ II < C aj (6.9) 
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for 1/2 < /3 < 2p - 1/2. 

We now define v by (1.15) with ip = —{in t)BQ so that v satisfies the equation 

idtv = -r' (U; B{u,)U^ -Bo)v . (6.10) 

We next prove by a variant of Propositions 3.2 and 3.3 that v G C{[0,T], H^) and 
that B{v{0)) = Bq. We estimate v by (I33D-([31D with {v',p') replaced by {v,p). In 
the same way as in the proof of Proposition 3.2, using now fl6.8p fl6.9p we obtain 

l^ol + l^il + \J2\ < C al{l + al\in t|)V ((1 + \ln t|)=^" + 1 + al\ln t\) \\ uj% \l 

(6.11) 

for < < p — 1, from which boundedness of v in L°°((0, T], follows. Similarly 
we estimate \ vif) — v(t\) II2 by fl3.17p - (l3.19l) where now 

Ko + Ki<C t^/^alil + al\in t\ f{l + \ln tl)^" || u^vitx) h (6.12) 

which implies the continuity of f in at t = 0. The regularity of v then follows 
by the same arguments as in Propositions 3.2 and 3.3. The fact that Bq = B{vq) is 
proved by the same argument as in the end of the proof of Lemma 2.10. 

□ 

We finally state the uniqueness result. 

Proposition 6.3. Let 1 < p < 3/2, let I = (0,T] and let Ud E C{I,Hp), i = 1,2, 
be two solutions of the equation (1.13) in I satisfying ( fg. 2) for some ai,a > and 
such that Uci — Uc2{t) tends to zero in L? when t — )■ 0. Then Ud = Uc2- 

Proof. The main step consists in proving that Ud and Uc2 yield the same Bq. For 
that purpose we estimate 

II a;2-i/2 (5(n,2,t) - Biud,t)) II2 < C du v''"^ \\ u?'^-'-l''{^u,2{tlv)f 

- \ud{tlv)f) II2 

< II W2{tlv)\ - \Ud{tlv)\ II2 (II Uditjv) \\r + || U.^itjv) \\,) (6.13) 

for 1/2 < a < 3/4, with 3/2 - 3/r = 2o. We next estimate 

|mc| < \{U -\) e-''^v\ + \v\ 
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for Uc = Uci, i = 1,2, so that 

II Mc llr < C (t^ II u;2(-+^)e-*'^^; + II co^-v II2) 

< II e"^-^; M2('^+'^) II II + || ^^'^y 

< C [l + f'il + allintlf) \\v;L'^{I,Hf) \\ (6.14) 

for cr + /i < p/2, which can be achieved with > for a < p/2. It follows from 
(I6.13P fl6.14l) through the Lebesgue dominated convergence theorem that B{uc2, t) — 
B(uci,t) tends to zero in for l/2</3<p — 1/2 since |mc2| — |wci| tends to zero 
in when t tends to zero. This implies that Bq2 = Bqi so that = ^pi and Vi, 
i = 1,2, satisfy the same equation (1.21). 

On the other hand || V2{t) — Vi{t) II2 = || Uc2{t) — Uci(t) II2 tends to zero by 
assumption, so that V02 = foi- The uniqueness result of Proposition 4.1 then implies 
that V2 = vi and therefore Uc2 = Mci- 

□ 

References 

[1] J. Bergh, J. Lofstrom, Interpolation Spaces, Springer, Berlin, 1976. 

[2] J. Ginibre, G. Velo, Long range scattering and modified wave operators for 
some Hartree-type equations I, Rev. Math. Phys. 12 (2000) 361-429. 

[3] J. Ginibre, G. Velo, Long range scattering and modified wave operators for the 
Wave Schrodinger system, Ann. H. P. 3 (2002) 537-612. Id II, Ann. H. P. 4 
(2003) 973-999. Id III, Dynamics of PDE, 2 (2005) 101-125. 

[4] K. Nakanishi, Modified wave operators for the Hartree equation with data, 
image and convergence in the same space, Commun. Pure Appl. Anal. 1 (2002) 
237-252. 

[5] K. Nakanishi, Modified wave operators for the Hartree equation with data, 
image and convergence in the same space II, Ann. H.P. 3 (2002) 503-535. 

[6] W. Strauss, Nonlinear Wave Equations, CMBS Lecture Notes 73, Am. Math. 
Soc, Providence, 1989. 



32 



